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Asymptotic formulae are derived for the fields of displacements, strains and stresses near a peak-shaped protrusion in the surface
of an anisotropic elastic body (a “claw”-type singularity). The singular solutions constructed are interpreted as forces and torques
concentrated at the tip of the peak, while the orders of growth of the displacement depend on the direction of the action of the
force (longitudinal or transverse) and of the axis of the torque (twisting or bending) but not on the elastic properties of the material.
The asymptotic analysis makes essential use of the observed analogy with one-dimensional models of thin rods of variable cross-
section. © 2000 Elsevier Science Ltd. All rights reserved.

Determination of the singularities of the stressed state near irregularities of the boundary turns out to be a key
factor in many branches of the mechanics of deformed bodies, such as the theory of fracture, computing methods
and so on. Detailed studies have been devoted to corner and (to a lesser degree) conical spikes or inclusions for
which the variables can be separated and the number of dimensions reduced. The geometrically most complicated
singularities of the boundary require the development of new asymptotic methods for specific shapes (such as peak-
shaped inclusions and cavities [5-7], as well as “beak-shaped” protrusions [8-9]). We stress that the specific properties
of the system of equations of elasticity theory make it difficult to apply the mathematical tools suitable for scalar
equations or systems of first-order equations—the necessary derivations and transformations become
unmanageable. To reduce the number of dimensions in investigating “claw”-type singularities a decisive role has
been played by the observed analogy with one-dimensional models of thin rods—to be precise, with the general
asymptotic algorithms of [10, 11]. The formulae and the accompanying computations have been shortened by the
use of matrix (rather than tensor) notation. In what follows a procedure for constructing formal asymptotic formulae
will be presented; the legitimacy of the procedure follows from general results [12-15].

1. FORMULATION OF THE PROBLEM
Let Q be a homogeneous anisotropic body whose surface 6Q has a singularity of the “claw” type (see Fig. 1),
that is, near the origin O it coincides with a peak-shaped set

(x=(y, DeR*:0<z<d; 7V (y-Y(2) € m) (1.1)

wherey = (y, y2), v > 1 is a parameter characterizing the sharpness of the claw, o is a two-dimensional domain
bounded by a simple smooth closed contour, and the relationsy = Y(z), z > 0, define the curved axis of the peak,
which is tangent to the z axis; Y is a smooth vector-valued function, Y(0) = 0, &,Y(0) = 0. By scaling, we reduce
the geometric parameter 4 to unity, that is, we make the coordinates dimensionless.

We will write the elasticity problem in matrix form. The six-dimensional column vector of strains is defined as

-1 -1 -1 !
E(M)=(€”, €99, €33, O €73, A €3, O 8]3) (]2)

where g; are the Cartesian components of the strain tensor, ¢ is the transposition symbol, and the factor o = 27”2
is chosen to ensure that the natural norms of the strain tensor and strain vector coincide. If the vector of
displacements u is interpreted as a column vector (u4y, u,, 43), then

ew)=D(V) u
g 0 0 0 wod; ady N
DV)=[{0 d; 0 owd3 O «d |, V=grad, 9; =5
0 0 9; 09, ad O i
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Fig. 1.

Let o(u) be the column vector of stresses analogous to (1.2) and let 4 be the symmetric positive-definite matrix
of elasticity moduli. Hook’s law in a matrix notation is

o(u) = Ae(u) (1.3)

The equations of equilibrium and the boundary conditions in stresses are
L(V)u(x) = D(-V)AD(V) u(x)= f(x), xeQ (1.4)
B(x, Vu(x)= D(n(x))AD(V) u(x) = g(x), x€oQ\O (1.5)

If v = (v}, vy)' is the normal to the contour dw C R?, then by (1.2) the following formulae hold near the point
O for the normal n to 6Q

n(x)= N vy, 2), vaM(y, 2), Vo, 2)
N =(1+v§(mly. 202 1y, 2=2"1(y-Y(@)
vo(y 2)==-vi(n(y, D)1~ 3 — K@)+ K(2)-
~Va (s DNR (2 — K@)+ ¥3(2)

The loads f and g are applied far from the point O. If they are in equilibrium, a solution u of problem (1.4), (1.5)
exists in the energy class W'(Q)*. Near the singularity this solution coincides apart from exponentially small terms
with a rigid displacement (see below, Section 3). In the case of arbitrary f and g they may be balanced by forces
applied at the point O (the claw “scratches” an absolutely rigid body). The aim of this paper is to construct the
corresponding singular solutions and to determine their properties.

2. ASYMPTOTIC SOLUTION OF THE HOMOGENEOUS PROBLEM
Near the point O, we seek a formal asymptotic solution of problem (1.4), (1.5)-as a power series:
ux)=U2@+U Ny, 2+U°%y, 2)+U'(y, 2)+U%(y, 2)+... (2.1)
Uy, =2 Q*(m) 22)

The unknowns are both the exponent %, and the factor O, which is a function of the variables n =2y - Y(2)).
Note that the matrices D(V) and D(n(x)) may be represented as follows:

D(V)=D, +D,, D(n)=D, +vyD, (2:3)

a, 0 0 0 0 aaz
D). =0 32 0 0 0 aal N Dz = Dlaz
0 0 0 ody ad; O
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v 0 0 0 0 ovy
0 v, 0 O 0 av
0 0 0 oavy av; O

DV= s Dl=

By (1.4), (1.5) and (2.3), we have

LV)=L(V )+ LNY,, 9,)+L*®,) 20

N)B(x, V)=B%(y, z, V,)+B'(y, 2, V,, 3,)+B%(y, 2, D,)

1% =-D,AD}, L' =-D,AD, - D,AD!, 1> =-D,AD!
C | ’ 2.5)
B° = D,AD}, B'=D,AD] +voD,AD}, B> =v,D/AD,
The operators on the right of (2.4) possess the following generalized similarities:

L V)UMG, )=V PE(y, 2)

B/ (x, VYUM, 2N =2""T7VG[(n(y, 2))
Formulae (2.4) are interpreted as expansions in powers of 2/, and it is therefore logical to assume in (2.2) that
Hpe = Hp_ g + l—Y

Substituting (2.1) and (2.4) into (1.4), (1.5) and collecting coefficients of like powers of z, we obtain a recurrence
sequence of problems for the “cross-section” w(z)

P07 =-Lvi' - 20772 in w(z)

. _ 4 (2.6)
B0/ = -B'U/~' - B2U/? on dw(z)
wherej =-2,-1,..., U =U>=0.
It is well known that when the right-hand sides are smooth the two-dimensional problem
LU =F in o(z), BU=G on du(z) (2.7)
has a solution U if and only if the following orthogonality conditions hold
(F, @)y +(G, ®9)5,) =0, g=1,...,4 (2.8)
o'=e!, ®2=¢?, & =¢%, O m)=a(n e’ ~nge') 2.9)

where (-,7) is the scalar product in L,(£) and ¢ is the unit vector along the x’ axis. The smooth (bounded) solution
U of problem (2.7) is defined apart from a linear combination of the vectors (2.9) and becomes unique if the
condition (U, ®7) = 0(q = 1, ..., 4) is satisfied

The structure of the initial terms of series (2.1) is the same as in the asymptotic expansion used in the theory
of thin rods (see, e.g. [10])

U™(z) = e'w(e) + ewy (2)

(2.10)
U™y, 2)=wi(2)e® + W4(z)<1>4(11)-‘ea(n,azw1 (z) + M3, (2))

The functions w, form a column vector w = (wy, . . ., w,) which is yet to be determined. Here w, and w, describe
in the main the deflection of the claw, w3 its displacement along the axis and w, its twisting.
According to (2.6), the problem for L" is

L’0° = D, ADLU™ + D,AIDLU™ + DU 2} in o(z) o
BU® = ~D,ADIU™ ~voD,A(DLU™ + DU} on da(z) '

According to equalities (2.10), the sums in braces in (2.11) vanish. Thus, the right-hand sides of system (2.11)
satisfy the conditions for (2.8) to be solvable.

Let us express the solution U° of problem (2.11) in a form convenient for further transformations. To that end,
we note the equalities, which follow from (2.10) and (2.3)
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DIUT' (3, 2)=Y(»)DE,)w(z) (2.12)
D(,) = diagld?, 3?2, 3,. 3,)
00 -y O 0 0
00 -y, O 0 0
L -
YOY=to o 1 o 0 0
00 0 oy -ay, 0

By (2.11) and (2.12)
Uy, 2= X(y, D@, )W) (2.13)

The matrix-valued function X satisfies the conditions
[°X=D,AY in o), B’X =-D,AY on du(z) (2.14)
The vector U' is determined from the boundary-value problem

L°U' = D,AD{U® + D A(D,U° + DU} in w(z)

B°U' =-D,ADIU® —voDiA(DLU® + DIU™'} on da(2) (2.15)

The following formula holds for any function H smooth in Q (see, e.g. [16])

H
4 f H(y, 2)dy= | a—(y, dy- [ H(y, 2vo(y, 2)ds, (2.16)
Z w(z) w(z) 92 do(z)

Using this relation, one shows that the first two conditions (2.8) for problem (2.15) to be solvable are satisfied.
We have

0=(e', 3, DLADLU® + DU Py + (€', — VoD AIDLU + DIU™ )30,y =
=9,(Dje!. ADYUC + DU gz = 3, (=€>y;, DLADWU® + DU iy +
+ 3,(;, DADLU® + DU a0 (2.17)
where we have used the formula, which follows from (2.3)
Die' =Die’y;, i=1,2 (2.18)

The right-hand side of (2.18) vanishes by (2.11). By (2.13) and (2.16), the other two conditions for problem (2.15)
to be solvable become

0=(®', D,ADIUC + DU )y ~ @', VoD AIDLU® + DU ooy = (2.19)
=0, (D{®', A(DLX +Y))yyD@ IW(2), i=34

As a result, we obtain two equations for the vector w. One more pair of equations appears as a condition for
the next problem to be solvable

[’U* = D,ADJU" + D, A(DYU" + DLU®} in o(z)
(2.20)
B°U? =D, AD\U" ~voDA(D,U" + DiU%) on daz)
Taking the relationships (2.16), (2.18) and (2.15) into account, as well as (2.12) and (2.13), we have
0=(¢', DA(DU" + DU gy~ (¢, VoAD" + DU age(qy =
=93,(Dyy;®, DIADIU" + DiU () =3, (e', DADLU" + DLU Yy =
=3,[(ye®, D,AIDLU® + DU Ny~ i€, VoD AU + DU Da]=

=-32(y:D{e®, AIDLX + YD) pnD@,)w(2)=0, i=1,2 (2.21)
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The expressions yDie* and D' occurring in (2.21) and (2.19) are identical with the columns of the matrix Y.
Hence the system of differential equations for determining w becomes

L(z, 9,)w(z) = D(-3,)M(2)D(9,)w(z)=0 (2.22)
By (2.14), the 4 x 4 matrix M is a positive-definite and symmetric Gram matrix

M(z)= | Y'A(D{X+Y)dy= [ (DiX+Y) A(DyX+Y)dy (2.23)

w(z) ®(z)

3. SPECIAL SOLUTIONS

It can be shown that system (2.22) has the following solutions
Wi=e4, g=1,...4 WHi(y=zel, i=1, 2 (.1

where e, . .., e* are unit vectors along the axes m R Accordmg to (2.10) and (2.12), if the column-vectors
3. 1) are substltuted into formula (2.1), the terms U2, U7, . . . vanish (for example, the operator D(&,) nullifies
W, ..., W'in (2. 13)) while the terms of (2.10) w1th W" mstead of w form rigid displacements ®%(y, z), with
@ (y, 2) =éz-ye (i=1,2).

We will find six further solutions T, . . ., T° which will later be given the meaning of point forces and torques.
We combine the column vectors (3.1) in a 4 x 6 matrix W and define another matrix

2 0 0010
vo? 2000 G vy (3.2)

0 01000

0 00100

We note that W is obtained from V by permuting the outer columns and changing signs. Let T denote a matrix
satisfying the equality

M(2)D(9,)T(z) = V(2) (3.3)

Since M(z) = Z(z)M(1)Z(z), where Z(z) = diag{z™, 2%, 2', 2%}, we arrive at the formulae

T/ (2)=D@,)"' 2 M) 2(z)"' VI (2)

DE,)"' =diag{d;'3;', 37'a;', 3;'a7") (3.4)
" =(r+1)7' ™ for 11

a_lz"‘ =lng, a" Inz=z(Inz~-1)

Replacing the columns w in formulae (2.10) and (2.13) by 77 and taking (2.1) into account, we obtain fields of
displacements ¥’ that generate in (1.4) and (1.5) residual terms which are small near the point Q. Let us determine
the power orders of the components of the vector-valued functions 7”. Letting an asterisk stand for factors which
are of no significance in the present context, we have

TI@)= (9% o He Ml (3.5)

Hy=Hy=3-4Y, U3=2-3y, py=pg=Ng=2-4y

4. GREEN’S FORMULA AND POINT FORCES

The following one-dimensional Green’s formula holds

b
[ ¥ (@L(z, 9,)w(z)dz =2E(v, w)-(W(3,)'V(2))'N(z, 3,)w(z)|" (4.1)

a

b
E(v, w) = (D@, V@) M@D@,) w(2)dz

N(z, 9,)=V(3,)'M(z)D@,)’
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Letting 1,, and 0,, denote the m x m identity and zero matrices, one can verify by direct calculations that
N(z, 9,)W(2)=0g, (W(3,) W(2))'N(z, 3,)T(z) =14 (4.2)

In the context of the one-dimensional model, relations (4.2) mean that the solutions 7!, T%, 7° and T*, T°, T*
define transverse and longitudinal forces and twisting and bending torques. It turns out that in the non-symmetric
case analogous treatment of three-dimensional fields requires some readjustment of the basis {T', ..., T°}. To
verify this ,we link the one-dimensional Green’s formula (4.1) with the usual three-dimensional formula. Consider
the integrals

Ly@= [ ®(y, 26D y, 2dy=

w(z)

= | ®7(y, DDADVYYI(y, 2)dy, p. g=1,....6 (4.3)

o(z)
Yi(y, =¥+ ¥y, 9+¥2(y, +¥He(y, 2) (4.4)

The three-dimensional fields (4.4) are defined, in accordance with representation (2.1), by the solutions 77.
Specifically: ¥~>9, W7 and ¥* are given by formulae (2.10) and (2.13) in which w has been replaced by 7%, and
¥4 is determined from problem (2.15) with U¢ = ¥¢K k =1, 0.

Thus, for the aforementioned interpretation of the vectors W', . . ., ¥, we must have an equality I = 15 + o(1),
where I = () is a 6 x 6 matrix whose elements are the integrals (4.3).

By formulae (2.3) and (2.10), (2.12), (2.13), the column vectors of strains constructed from ¥/ are

e(P?)= D'(V)¥W! = A(D{X +Y)DTY +(DyW>4 + DIWw>4)+ Dlw>d (4.5)

By expansion (4.5), we can express the integral (4.3) as a sum ng + I},q + If,q and calculate its terms.
First let p = 3, 4. By (4.5), we have

Ipg(@)= | ®(3) DIAD,X(y,2)+ Y(y))dyDT ()

o(z)
[‘qu = O(ZY‘l ), [‘%‘] = 0(227_2)5] =3,4

The orders of the infinitesimals / '44 and qu can be computed on the basis of representations (3.5) and the inequalities

p@Pa(y, )

SCzpq+p(y—l)-my—n (4.6)

ay'{nazﬂ

mn=0,1,...,i=1,2.

Let Y? denote a column of the matrix Y. Since D19 (y) = Y*(y)(p = 3, 4), formulae (2.3) and (3.4) imply that

Ipg()= ("Y' M@D@,)T(2)= (") V¥ (2)=38,, , (4.7)
p=3,44g9=1,...,6
We now turn to the case p = 1, 2. By (4.6), we have [Z(z) = O(2'")(g = 1, 2) and I’3(z) = O(z""). We assert
that lopq =0(g =1,...,6).Since ’ = ¢, we obtain by (2.14) and (2.18)
[ €”) DAWDLX+Y)dy= | (Diey,) ADLX+Y)dy=
o(z) ’ o(z)

=— | 0, D,ADLX+Y)dy+ | (y,e7) DyA(DX +Y)ds, (4.8)
o(z) dw(z)

Using relations (2.15) and (2.16), (2.18), we find that
I, (@)= [ (7Y DyAHdy= [ (Die’y,) AHgdy=
o(z) w(z)

=— | (,*) D,AHydy+ | (y,e’) DyAHyds, =
o(z) dw(z)

= [ (9,¢)) 3, D)AHJdy— [ (v,€’) voDiAHds, =9, | (ype°) DiAH ) dy (4.9)
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= D)y + DY AP H) =(D}X +Y)D@,)T?
Since y,D'e’ = ~(¢/)'Y(y) = ¥ we have
1L, ()=~("Y,M@DE)T@), p=1 2. ¢=1....6 (4.10)

By (3.3) and (3.2), the column-vectors M(z)D(8,)T¥(z) are constant forg = 3, . .., 6, and therefore I, = 0. In
the case g = 1, 2, we have

I}, (2) = (€)' 3,M(2)D@,)T*(2) = (e?)3,2¢% = (e")' e? =3, ;
Now let p = 5, 6. Using relations (3.5) and (4.6), we observe that
2 (2)=0G""), 9=4,56 I, ()=0@")., q=12
123(2)= 0 )o@+ Iy (D= | {(e'z-

w(z)
-e3y;) DiAHE(2) —(*y)' Dy AH,‘,(z) ldz, i=p-4

Using equality (4.8) and repeating the transformations (4.9), we deduce, by virtue of relations (3.3) and (3.2)
with p = 5, 6, that

19, (@) + I}, (2) = -2(e?) 3,M(2)D(3,)T? (2) + (P ) M(2)D(2,)T* (2) (4.11)

Thus, the matrix  of integrals (4.3) may be written as follows, apart from infinitesimals of order o)

K=(K;), L=(L;)

1;+L K
0; 13
L3m =130m’ L33 =Lmj =O, K," = i, j+31 m=],2; i,j=l,2,3
If the structure of the peak is symmetnc, K=L= 03, so that the three-dimensional fields ¥', . . ., ¥® themselves

admit of the same mechanical interpretation as 7', . . ., 7° (see the text after (4.2)). If K and L are not zero, we
must invert the matrix / and introduce a new basis

(PL¥E,... . ¥ =(¢',..., ¥ =

1,-L K(L-1,)

=(¥',..., ¥
( ) 0, 0,

(4.12)

Since the lower blocks of the matrix I~ consist of zeros, the vectors \P6+3 and ¥*3 are not different (G=1223)
The differences W{" - ¥,, are linear combinations of the matrices \¥>, . . . , ¥°. Computation of the orders (with
respect to z) of the coefficients of the combmatnons shows that the resultmg mcrements are mﬁmtesrmal relauve
to ™. The same is true of the difference ¥y° — ¥° expressed in terms of ¢!, ¥ and ¥, ¥°, ¥°. Thus,
orthogonalization of the basis (4.4) implies changes only in the lower-order asymptotrc terms.
5. SPECIFIC FORMULAE

Suppose an isotropic body (1.1) (with Lamé constants A = 0 and p > 0) is formed by rotation of an arc of a

circle of radius d about the tangent, that is, after dropping infinitesimals of order o(z°)
Y@)=0, y=2, o={yeR?:|y|<d™}

Suppose that d = 1. Then the matrices 4, X and M are given by

_[2u1;+20; o,
- 0, 2ul,

a?(y? - y3) Y2 -n 0
X(») = »ny2 o’(y3-y) -y, ©
0 0 0 0
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A 3A+2u

M= diag{-EE,E-E,ZnE,—TEu}, VE—b  E=p
44 4 2 +1) A+u

where v and E are Poisson’s ratio and Young’s modulus and U; is the 3 x 3 matrix all of whose elements are 1’s.

The polynomial solutions (3.4) of the resulting problem (2.22) have the form

T'(z)=-n"'B;'B; E'2Pre

T (2)=n"p'B;' E'2P2e, i=1,2

T’(2)= %“"BE'E-lZﬂZ e, THz)=2n""B'n'Pre?
Br=k-4v,k=0,1,2,3

By symmetry, the three-dimensional fields ¥/, . . ., ¥° are determined by formula (4.4), that is, the matrix I
in (4.12) is the identity. Thus, the singular solutions generated by unit shearing forces are defined as follows

Y. =n"E7 (' B7'B5 P + 02 (0F - 32)zP0) + €2y, 3,2P0)
W(y,2) = E7 (e y 3y 2P0 + (BB P2 + 0P (v — y2)ZPuy) (5.1)

The singularities O(z'~") corresponding to twisting and bending torques are weaker than the singularity
O(z*™*) of the vectors ¥° and ¥°, namely

Y4, 2) =20 B ey, 2Pt - e2y,2P)
¥ (y,2) =21 E7N (e B3'B3' 2P + 02 (3 - yD)zP )+ ety ya2P)
W2(y,2)= =21 E7 (e y3,2P + 2 (B5'B5'P + 02 (2 - y2)P)) (.2)

Finally, the minimum singularity exponent 1 - 2y is associated with a longitudinally acting force
| R - - - -
WJ(y’Z)=_§n IE l(elylz ’+ﬂ2/2+82)’12 |+B2/2 ]_e32B2|ZB()/2) (53)

The singularities were compared on the basis of the orders of the displacements asz — 0. The stresses and strains
are O(z"2") for all torques and O(z~%) for all forces, that is, in this sense the longitudinal and transverse forces
balance out. However, the exponents —2y-1 and —2y may be found by simpler reasoning and do not require a
complete investigation of the structure of the elastic solutions.

Thus, the singularity of the displacement field near the tip of a symmetric isotropic peak proves to be a linear
combination of the vector-valued functions (5.1)-(5.3). Similarly simple relations may be obtained for an arbitrary
peak, non-symmetric or anisotropic, provided the matrix M in the system of differential equations (2.22) is known.
Computation of the matrix M(z) = Z(z)M(1) from the integral representation (2.23) is the only point in the
asymptotic procedure where it is necessary to solve a two-dimensional problem of elasticity theory (2.14), over the
cross-section ® = w(1). After that, the explicit formulae (3.4) yield the vectors T', . . ., 7%, which depend on the
variable z. Replacing the column-vectors w by 7’ in expressions (2.10)-(2.13) and using representation (2.1) for
the three-dimensional field, one obtains singular solutions ¥, . . ., ¥ analogous to (5.1)-(5.3). Finally, renormalizing
these solutions in accordance with (4.12) gives them the same physical meaning as in the isotropic case.
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